Abstract. In this work we construct an eigencurve for p-adic modular forms attached to an indefinite quaternion algebra over Q. Our theory includes the definition, both as rules on test objects and sections of line bundle, of padic modular forms, convergent and overconvergent, of any p-adic weight. We prove that our modular forms can be put in analytic families over the weight space and we introduce the Hecke operators U and T l , that can also be put in families. We show that the U-operator acts compactly on the space of overconvergent modular forms. We finally construct the eigencurve, a rigid analytic variety whose points correspond to systems of overconvergent eigenforms of finite slope with respect to the U-operator.
Introduction
Let D be an indefinite quaternion algebra over Q. Under certain hypotesis, the Jacquet-Langlands correspondence gives a map from the space of modular forms for D to the space of modular forms for GL 2 / Q. In [Kas99] , Kassaei developed the theory of p-adic modular forms (where p is a prime that does not divide δ, the discriminant of D), of integral weight, attached to D. The Jacquet-Langlands correspondence works also for p-adic modular forms, of level coprime with p. Since nowadays the theory of p-adic modular forms for GL 2 / Q is well developed, it is natural to seek for a similar theory also for modular forms relative to D. One of the most important result in the elliptic case is the existence of the eigencurve: a rigid space whose points correspond to systems of overconvergent eigenforms (of any padic weight) of finite slope with respect to the U p -operator. The final goal of this paper is the construction of the eigencurve for modular forms attached to D. We are going to use the general machinery developed by Buzzard in [Buz07] . We therefore need a weight space W and a notion of analytic family of modular forms over W. Our weights are continuous characters Z * p → K * , where K is a finite extension of Q p , and we take as W the rigid analytic curve such that W(K) = Hom cont (Z eigenvalues of overconvergent modular forms of finite slope with respect to the Uoperator, defined over L. Let π i be the projection to the i-th factor. If x ∈ C(L), let M x be the set of overconvergent modular forms corresponding to x. Then the elements of M x have weight π 1 (x) ∈ W(L) and the U-operator acts on M x with eigenvalue π 2 (x) −1 . We have that π 1 is, locally on W and on C, finite and surjective.
In [Bra12] , we have developed a theory of p-adic modular forms of any weight attached to a quaternion algebra over a totally real field F different from Q, following the approach of [AIS11] . With this paper we want to fill the gap left by the case F = Q, using the same techniques. The main technical results of [Bra12] work also in the case F = Q, but there are some differences, that we explain the following description of the paper.
In Section 1, we describe the basic objects of our work, following [DT94] . We fix a prime p > 3 and an indefinite quaternion algebra D over Q with discriminant δ. We assume p ∤ δ. Let N be an integer with N > 4 and coprime with p. We fix a suitable compact open subgroup K(N ) ⊆ D * ⊗ Q A f , where A f is the ring of finite adele of Q. There is a smooth and proper PEL Shimura curve M(N ) defined over Z p that parametrizes abelian surfaces (more precisely 'false elliptic curves') with N -level structure. We have also the curves M(N p r ) for any r ≥ 0, analogue to the usual compactified modular curve of level Γ 1 (N p r ). Using the moduli problem solved by M(N p r ), we define the space of classical modular forms with respect to D, level N p r , coefficients in K (a finite extension of Q p ), and weight k ∈ Z. We empathize the approach of considering a modular form as a 'rule defined on test objects' rather that a global section of a line bundle. This a big difference with [Bra12] , and we believe that it makes the theory more transparent (though we need to know the our modular forms actually are sections of some line bundle to construct the eigencurve). We take the rigid analytic viewpoint from the very beginning, so we will consider only modular forms over K.
In Section 2 we define p-adic modular forms of integral weights and we recall the theory of the canonical subgroup, following [Kas99] and [Bra12] . In Section 3 we study the (Cartier dual of the) canonical subgroup in detail and we introduce the map d log, that will be crucial in the sequel. We obtain some of the results of [AIS11] , but our approach needs much less calculations and it is completely explicit. In particular, we prove that, over M(N p), the dual of the canonical subgroup admits a canonical point, and we study the image of this point under the map d log. We do this using a suitable Lubin-Tate group for Z p instead of the formal multiplicative group. This idea comes from [Bra12] , where it was needed to take into account the action of a finite extension of Z p on various objects. In our situation, this is not necessary, but it is in any case very useful, as we explain comparing our approach with the one of [AIS11] . In Section 4, we explain the technical results about the map d log that we will need.
In Section 5, we recall the basic property of the weight space W. Let K be a finite extension of Q p and let χ : Z * p → K * be a continuous character. If K contains all the p r -th roots of unity, where r depends on χ, we define the space of p-adic modular forms with coefficients in K and weight χ, of any level. As mentioned above, our definition is quite simple and it is based on test objects. This makes the definition and the study of the diamond operators very clear. If χ(t) = t k , then, as usual, we obtain the space of modular forms of integral weight k. We then show that our modular forms are sections of a line bundle on a certain tubular neighborhood of the ordinary locus of the (rigid analytic) Shimura curve. We finally show that our modular forms can be put in analytic families over the weight space. This paves the way to the construction of the eigencurve via Buzzard's machinery.
In Section 6 we finally construct the eigencurve. It remains to define the Hecke operators U and T l , where l is a prime not dividing δN . Using test objects this is not difficult, but we need the approach via line bundles to prove that they are continuous and that U is completely continuous on the space of overconvergent modular forms. All the assumptions of [Buz07] are verified, so we obtain Theorem 6.5.
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Shimura curves and classical modular forms
Let p > 3 be a rational prime, fixed from now on. Let v(·) be the valuation of Q p normalized in such a way that v(p) = 1. We will write | · | for the absolute value of Q p such that |x| = p − v(x) for all x ∈ Q p . We extend both v(·) and | · | to the whole C p , that is the completion of a fixed algebraic closure of Q p . We will write [·] : F * p → Z p for the Teichmüller character, and we set [0] := 0. All the schemes we are going to consider will be defined over Z p . When there is no possibility of confusion, we will denote base change with a subscript.
In this section we recall the theory of classical modular forms attached to a quaternion algebra, see [DT94] and [Kas99] for details. Let D be a quaternion algebra over Q that is indefinite and with discriminant δ that satisfies p ∤ δ. We assume that D is a division algebra and we fix O D , a maximal order of D. We fix
′ be the canonical involution of D. We choose t ∈ O D such that t 2 = −δ and we define another involution on D by x → x * := t −1 x ′ t. We write A f for the ring of finite adele of Q. Let G/ Q be the reductive algebraic group such that its R-points, for any Q-algebra R, are G(R) = (D ⊗ Q R) * . We have that G(A f ) is the restricted tensor product of the D * l 's, where l is a prime and
. We will assume that K is 'small enough', in particular the following conditions will suffice
given by elements which are congruent to * * 0 1 modulo N ; • det(K) = Z * , where det :
In particular we can take K = V 1 (N ) with N > 4. Let T be any scheme over Z p . By a false elliptic curve over T we mean an abelian surface A → T together with an embedding i : O D ֒→ End T (A). If (N, δ) = 1, by a N -level structure on a false elliptic curve (A, i) over T we mean an isomorphism
We now fix K(N ) ⊆ G(A f ) of level N that satisfies the above assumptions and we assume that (p, N ) = 1. It can be proved that, on any false elliptic curve (A, i) over T , there is a unique principal polarization whose corresponding Rosati involution on End(A x ) (where x is any geometric point of T ) restricts to * on O D . In particular, any false elliptic curve is canonically principally polarized. The functor Z p -schemes → set that sends T to the set of isomorphism classes of false elliptic curves with K-level structure is representable by a geometrically connected scheme M(N ) defined over Z p . We have that M(N ) → Spec(Z p ) is smooth, proper, and of relative dimension 1. The universal object will be denoted A(N ) → M(N ).
Let C be a pseudo-abelian category and let X be an object of C with an action
such that e * = e, we obtain a decomposition
where each X i has an action of Z p . Note that X 1 and X 2 are isomorphic. This notation will be used throughout the paper.
Let n ≥ 0 be an integer and let K(N, p n ) be the subset of K(N ) given by the elements whose component at p is upper triangular modulo p n . There is a regular scheme M(N, p n ) that represents the functor Z p -schemes → set that sends T to the set of isomorphism classes of quadruples (A, i, α, C) where (A, i) is a false elliptic curve over T , α is a K-level structure on (A, i) and C is a finite and flat subgroup of order
is proper and of relative dimension 1, generically smooth but not smooth. Indeed, the special fiber is a normal crossing divisor with two components, each one isomorphic to M(N ) Fp . The two components intersect at the supersingular points (see below). The universal object will be denoted A(N, p n ) → M(N, p n ). 
Let K(N p n ) be the subset of K(N, p n ) given by the elements whose component at p is congruent to * * 0 1 modulo p n . There is a regular scheme M(N p n ) that represents the functor Z p -schemes → set that sends T to the set of isomorphism classes of quadruples (A, i, α, P ) where (A, i, α) is as above and P is a point of exact order
is proper, generically smooth, and of relative dimension 1. The universal object will be denoted
n ), and M(N p n ) are the Shimura curves we are interested in. There are several morphisms between them, given the by obvious natural transformations of functors. Let K be any one of K(N ), K(N, p n ) or K(N p n ) and let M be the corresponding curve. If e : M → A is the zero section of the universal object, we define
that is a locally free sheaf of rank 1 on M. Given Spec(R) → M, where R is a Z p -algebra, the pullback of ω to Spec(R) will be denoted ω R or ω A/R , where A is the pullback of the universal object to Spec(R). Let V be a finite extension of Z p , with field of fraction K (we will make several assumptions about V during the paper). From now on we will usually work over V or over K. To simplify the notation, we will omit the subscripts V and K . We will also be interested in formal schemes and we will use the following convention: algebraic objects defined over V will be denoted using Italics letter, like M(N ). The completion along the subscheme defined by p = 0 will be denoted using the corresponding Gothic letter, like M(N ).
• R is a V -algebra;
• (A/R, i, α, P ) is an object of the moduli problem of level K(N p r ) (we will usually omit P from the notation if r = 0), with A defined over R and such that ω R is free;
• ω is a basis of ω R . Definition 1.3. Let k be an integer. A (classical) modular form with respect to D, level K(N p r ) and weight k, with coefficients in K, is a rule that assigns to every test object T = ((A/R, i, α, P ), ω), where T is of level K(N p r ), an element f (T ) ∈ R K such that
• f (T ) depends only on the isomorphism class of T ;
′ is a morphism of V -algebras and we denote with T ′ the base change of
We write S D (K, K(N p r ), k) for the space of such modular forms.
Proof. We take for Ω k (N p r ) the rigidification of formal completion of ω ⊗k .
Remark 1.5. The above proposition is trivial, and we can state a much stronger result (namely that we have an invertible sheaf over M(N p r ) that is a model of Ω k (N p r )), but later on we will consider p-adic modular forms of any weight, and the above result has a direct analogue, while the stronger version has not. Definition 1.3 is given only for modular forms over K, since this is the case we will be mainly interested in, but using Proposition 1.4, we have the notion of classical modular form defined over any Z p -algebra, as usual.
p-adic modular forms of integral weight
We now analyze more closely what happens at level K(N ). There is a KodairaSpencer isomorphism ω ⊗2 ∼ = Ω 1 M(N )/ Zp and we have deg(ω) = g − 1, where g is the genus of any geometric fiber of M(N ). Let (A, i, α) be an object of the moduli problem, with A defined over a V -algebra R. We have that A[p ∞ ] 1 is a p-divisible group of dimension 1 and height 2. Let A be the p-adic completion of A and let A be the completion of A along the zero section. Then A 1 is a formal group of dimension 1. If A 1 is a Barsotti-Tate group, its height is either 1 or 2. We say that (A, i, α), or simply A, is ordinary if A 1 has height 1. Otherwise we say that A is supersingular. We have that A is ordinary (supersingular) if and only if A Fp is ordinary (supersingular) in the usual sense. If ω R is a free R-module, we have that A 1 is a formal group law, and there is a coordinate x on A 1 such that the multiplication by p has the form
where a, c j are in R and c j ∈ pR unless j ≡ 1 mod p. If we assume that p = 0 in R, the various a's glue together to define H, a modular form of level K(N ) and weight
is an open affine of M(N ) and we denote with ω the differential dual to the coordinate x defined above, we have H |W = aω ⊗p−1 . We have that H vanishes precisely at the supersingular points of M(N ) Fp and has simple zeros here (so the number of supersingular points is (p− 1)(g − 1)). Moreover, supersingular points actually exist (hence g ≥ 2). The modular form H can be lifted, non-canonically, to a modular form E p−1 defined over Z p . We fix once and for all such a lift, everything will not depend on this choice. Over Spec(R) we can write E p−1 | Spec(R) = Eω p−1 for some E ∈ R. We have a ≡ E mod p.
Let 0 ≤ w < 1 be a rational number, and let us assume that V contains an element of valuation w, denoted p w . We define
Note that M(N )(w) has a natural moduli interpretation. It classifies couples ((A, i, α), Y ), where (A/R, i, α) is false elliptic curve of level K(N ) and Y is a global section of ω
Taking the rigidification of the map rig , that is a finite extension of its generic fiber, we obtain M(N p r )(w), a formal model of M(N p r )(w) rig . If we work 'at level K(N p r )', we will tacitly assume that w < 1 p r−2 (p+1) , so we have the canonical subgroup of any object of the moduli problem of M(N p r )(w). In particular, all our results will holds if w is small enough.
Notation. Let R be a p-adically complete and flat V -algebra. We will say that R is normal if R is integrally closed in R K . We extend this notion to formal schemes in the obvious way.
Proposition 2.1. We have that M(N p r )(w) is a flat and normal formal scheme over Spf(V ).
Proof. In the case r = 0 this is [Kas04, Proposition 9.5]. If r ≥ 1 it is a trivial consequence of the definition.
Proposition 2.2. Let R be a normal, flat, and p-adically complete V -algebra. There is a natural bijection between M(N p r )(w)(R) and the set of isomorphism classes of couples ((A/R, i, α, P ), Y ), where:
• (A/R, i, α, P ) is an object of the moduli problem, with A defined over R, of M(N p r ) and P generates the canonical subgroup of
Proof. This is [Bra12, Proposition 3.2].
The above proposition motivates the following Definition 2.3. Let r ≥ 0 be an integer. A (p-adic) test object of level K(N p r ) and growth condition w is a couple ((A/R, i, α, P, ω), Y ), where:
• R is a p-adically complete, flat, and normal V -algebra;
Definition 2.4. Let k be an integer. A p-adic modular form with respect to D, level K(N p r ) and weight k, with coefficients in K and growth condition w, is a rule that assigns to every test object T = ((A/R, i, α, P, ω), Y ), where T is of level K(N p r ) and growth condition w, an element f (T ) ∈ R K such that
• if ϕ : R → R ′ is a morphism of p-adically complete, flat, and normal Valgebras and we denote with T ′ the base change of
We write S D (K, w, K(N p r ), k) for the space of such modular forms.
If h ≤ r are integers, the natural injective morphism
Proposition 2.5. There is an invertible sheaf
This proposition shows that the natural morphism
, where w ′ ≥ w is a rational number that satisfies the same assumptions as w does, is injective. Remark 2.6. As in Remark 1.5, we can state a stronger result than in the above proposition, namely, that we have a formal model of Ω k (N p r )(w). But, since we do not have an integral model of M(N p r )(w) that satisfies a reasonable moduli property, we do not have an integral model of Ω k (N p r )(w). Later on, we will not even have the formal model of the sheaves we are interested in. 
is a universal constant. In particular, ζ p gives a (p − 1)-th root of w p−1 p. We have that the reduction modulo p of w p−1 is congruent to (p − 1)!, so −w p−1 admits a (p − 1)-th root in Z p and we get the desired (p − 1)-th root of −p. The point of this discussion is that, to simplify the calculations, we prefer to take Oort-Tate theory as starting point rather than using it to obtain technical results. In this way our calculations will be completely trivial. From this point of view, µ p,V is Spec(V [x]/(x p + px)). From now on, when we work at level K(N p), we will tacitly assume that V contains a fixed (p − 1)-th root of −p, denoted (−p) 1/(p−1) (in particular, V contains also ζ p ). Later on, we will explain a similar assumption for higher levels, equivalent to the fact that V contain a primitive p r -root of unity. At level K(N p), the canonical subgroup is given, locally on M(N )(w), by
, where E p−1 | Spec(R) = Eω p−1 as in Section 2 (the fact that the canonical subgroup arise naturally in this form is the main reason why it is so convenient to use Oort-Tate theory from the very beginning).
Proof. Let Spec(S) be the base change of Spec(R) to M(N p)(w). By the moduli property of M(N p)(w), we have a canonical S-point of C, that gives (using (−p) 1/(p−1) ) a (p − 1)-th root of E in S. These roots glue together to define the required E 1 .
Let r ≥ 1 be an integer. Fix an open affine Spf(R) of M(N )(w) such that ω is free, generated by ω as above. Let Spf(S r ) be the pullback of Spf(R) to M(N p r )(w) under M(N p r )(w) → M(N )(w). Let A be any object of the moduli problem of M(N )(w). We know that A[p r ] 1 admits a canonical subgroup C r and that the canonical point of A Sr [p r ] 1 generates C r . We want to construct a canonical S rpoint of (C r )
∨ that is a generator of (C r ) ∨ (S r ) as Z /p r Z-module. All our schemes are normal, so it is enough to define a morphism C r,Sr,K → µ p r ,Sr,K . But C r,Sr,K is a constant group scheme, with Z /p r Z as associated abstract group, and we have P , a canonical generator of C r,Sr,K . So it is enough to define the image of P , or, that is the same, to choose a point of µ p r ,Sr,K . In particular it is natural to assume that V contains ζ p r , a fixed primitive p r -th root of unity, and to take it as the image of P . But recall that we want to use Oort-Tate theory as building block, so for us x. All Lubin-Tate groups associated to p are strictly isomorphic, so LT ∼ = G m,V . In particular, if G is a finite and flat group scheme over S r , giving a morphism G → LT Sr is the same as giving a morphism G → G m,Sr . Repeating the above discussion, we see that to define a point of (C r ) ∨ (S r ) it is enough to fix a point of LT of order exactly p r . For this reason we fix a sequence {ξ r } r≥1 of C p -points of LT such that ξ r has order exactly p r and pξ r+1 = ξ r (recall that LT is denoted additively). By definition, the points of order p of LT are the points of Spec(V [x]/(x p + px)), so it is natural to require that ξ 1 is our fixed (−p) 1/(p−1) . When we will work at level K(N p r ), we will tacitly assume that ξ r ∈ V , so we have γ r , a canonical S r -point of (C r ) ∨ of order p r . For various r's, these morphisms are compatible, and if we let r → ∞ (and we take w = 0) we have a morphism, defined over
where C ∞ is the p-divisible group defined by the C r 's. We can study more closely the case r = 1. Recall that the canonical subgroup
, where E ∈ R satisfies E p−1 | Spf(R) = Eω ⊗p−1 . Let S := S 1 . Giving γ = γ 1 , our canonical S-point of C ∨ S , is the same as giving the morphism
, that amounts to choose a (p − 1)-th root of E in S. But by definition we have a (p − 1)-th root of − p E in S, and using our fixed ξ 1 we get E 1/(p−1) ∈ S. At the end we see that our morphism γ ∈ C ∨ (S) corresponds to
In this way the explicit description of γ is very simple, and the relation between γ and E 1 is completely transparent. It follows by the explicit description of the canonical subgroup that the module of invariant differential of C is generated by d(x), with the unique relation
. We can be even more precise: let h : C → A[p] 1 be the natural map. We have fixed above a coordinate x of A 1 , and we have denoted with ω the differential dual to x. Then, in Ω 1 C/R , we have h
. Using Oort-Tate theory, we can give an explicit formula for the comultiplication of C. It is given by
where w i ∈ Z p are the universal constants of [OT70] . Moreover, the counit of C is given by x → 0. Having fixed ζ p , a primitive p-th root of unity in V , one can also write down a morphism C S → Spec(S[x]/(x p − 1)) explicitly (clearly, to obtain the morphism corresponding to γ, we need to take as ζ p the root of unity corresponding to ξ 1 under the isomorphism
. This is the approach taken in [AIS11] , and we now show that our point of view makes the calculations much easier. Let α ∈ S be (p − 1)-th root of − p E given by the moduli problem (so we have ξ 1 = αE 1/(p−1) ). Then the map
. We see that here the formula is much more complicated than the one for γ, in particular, Proposition 3.2 below, that is easy with our approach, requires non trivial calculations in [AIS11] .
We continue to use the above notations. Let η = Spec(K) be a generic geometric point of Spec(R), we write G for π 1 (Spec(R K ), η K ). We denote with R the direct limit of all R-algebras T ⊆ K which are normal and such that T K is finite andétale over R K . Let G be a finite and flat group scheme over R, killed by p n . Taking the pullback of the invariant differential d(x) of LT , we get the map
where T is as above. We are interested in the map d log G : G ∨ (R) → ω G ⊗ R R/p n R obtained by direct limit. Taking the inverse limit over n, we have the map
Proposition 3.2. We have
Proof. Clearly we have γ
From now on we will omit (R) in the notation, it should be clear from the context whether we are talking about the group scheme or about the group of points. We also write R z for R/p z R (and similarly for other objects).
The Hodge-Tate sequence
We recall in this section the main technical results of [Bra12] (see also [AIS11] ). The proof are exactly the same, so we will omit them. Let Spf(R) be an open affine of M(N )(w), and let A be the corresponding false elliptic curve defined over R. We assume that w < p p+1 .
Definition 4.1. The Hodge-Tate sequence of A is the following sequence of Rmodules with semilinear action of G:
where * means 'dual module', a A is defined using the d log-maps of (A[p ∞ ] 1 ) ∨ , and (1) is the Tate-twist.
Theorem 4.2. The Hodge-Tate sequence is a complex and the map a A is injective. Moreover, the homology of the sequence is killed by p v , where v := w p−1 . The HodgeTate sequence is exact if and only if A is ordinary. Furthermore, ker(d log A ) and Im(d log A ) are free R-modules of rank 1. The latter is generated by d log A ((γ) r ). Finally, taking Gal(R K /S K )-invariants, everything remains true also over S (i.e. at level K(N p)), but we cannot descend to R (i.e. at level K(N )). 
Proposition 4.4. We have a commutative diagram of G-modules, with exact rows and vertical isomorphisms,
Modular forms of non-integral weight
There is a rigid analytic (group) variety W over Q p such that, for any affinoid algebra A, we have W(A) = Hom cont (Z * p , A * ) (functorially). We embed Z in W sending k ∈ Z to the morphism t → t k . We have an isomorphism of topological groups
is the open disk of radius a and center the origin. It is well known that any continuous χ : Z * p → A * is locally analytic. We say that χ is r-admissible if the map Z p → A * given by x → χ((1 + p r+1 x)) is analytic. This is equivalent to
Let χ : Z * p → K * be r-admissible. It follows that there is s ∈ K such that χ(t) = [t]
i t s := [t] i exp(s log( t ) for all t with v( t − 1) ≥ r, where
means the Teichmüller character applied to the reduction modulo p of t;
• t t := t/[t] and s ∈ K is such that |s| < p
It follows that χ is r-admissible if and only if χ ∈ W r − (K). Taking closed discs C r such that B (r−1) − ⊆ C r ⊆ B r − (where B 0 − := {0}), we obtain an admissible open W r ⊆ W. Furthermore {W r } r≥1 is an admissible covering of W and any χ ∈ W r (K) is r-admissible (but of course the converse is not true). We fix one such {W r } r≥1 .
Let r ≥ 1 be an integer and let χ : Z * p → K * be an r-accessible character and write χ(t) = [t]
i t s := [t] i exp(s log( t ), for t sufficiently close to 1. From now on, when we work at level K(N p r ) we will always assume that
.
We define the sheaf (of groups) on M(N p r )(w)
The reason to consider S r,w is the following: if x ∈ S r,w (Spf(S r )) (where S r is as in Section 3) we can write x = ub, where u ∈ Z * p and b ∈ 1 + p r−v S r . It follows from our assumption on w that x χ := χ(u)b s makes sense, and it is another section of S r,w . Thus, S r,w is a suitable subsheaf of O * M(N p r )(w) where 'raising to the χ-th power' makes sense. To define modular forms of weight χ, we need to find an analogue of the O * M(N p r )(w) -torsor given by the generators of ω, but relative to S r,w , so we can raise to the χ-th power. We proceed in two steps: first of all we find a suitable trivial subsheaf of ω (note that, since we working with the formal models, ω is not trivial even if r ≥ 1), then, working (via the trivialization) with O M(N p r )(w) , we define the required torsor.
Let F r,w be the sheaf on M(N p r )(w) defined as follows. Let Spf(R) ⊆ M(N )(w) be an open affine, and write Spf(S r ) for its pullback to M(N p r )(w). Let G r := Gal(R K , S r,K ). Let A be the false elliptic curve corresponding to Spf(R), we define
This the desired trivial subsheaf of ω: by the results of Section 4 and Proposition 3.2, we have that F r,w = O M(N p r )(w) E 1 . We can now define the required torsor. Writing C ∨ r for the (constant) sheaf defined by the dual of the canonical subgroup, we have, by Proposition 4.4,
Having this isomorphism, we define the sheaf (of sets) F Proposition 5.1. We have that F ′ r,w is the trivial S r,w -torsor generated by E 1 . Proof. This follows immediately from Section 4. Definition 5.2. A test object of level K(N p r ) (with r ≥ 1) and growth condition w is a triple ((A/S r , i, α, P ), Y, η), where:
• S r is a p-adically complete, flat, and normal V -algebra;
• (A/S r , i, α, P ) is an object of the moduli problem of levelK(N p r );
where the action of G r on the global sections of F ′ r,w is defined by aE 1 := a * E 1 , viewing any a ∈ G r as an automorphism of M(N p r )(w). Note that this action is compatible, via the isomorphism (1), with the natural action of G r on (C ∨ r )
* . The operator f → f | a is called a diamond operator. It is easy to show that it comes from an action of G r on Ω χ (N p r )(w).
Proof. This follows immediately from the definition of modular form using test objects.
Example 5.8. We have E 1| a = [a −1 ]E 1 for any a ∈ F * p , so, as we already know, E 1 does not descend to level K(N ). On the other hand
We now study the relations between the sheaf Ω χ (N p r )(w) for various r. Let r ≥ h ≥ 1 be integers and let χ be an h-accessible character. It follows that χ is also r-accessible.
Proposition 5.9. We have a natural isomorphism
Furthermore σ r,r = id and, if n ≥ r is an integer, we have σ n,h = σ r,h • σ n,r .
Proof. This is [Bra12, Proposition 6.34].
If χ is r-accessible, we have defined modular forms only of level K(N p r ). We are now ready remove this restriction, and define also modular forms of level K(N p h ).
Definition 5.10. Let χ : Z p → K * be any continuous character and let h ≥ 0 be an integer. Choose r ≥ h such that χ is r-accessible. A p-adic modular form with respect to D, level K(N p h ) and weight χ, with coefficients in K and growth condition w, is a rule that assigns to every test object T = ((A/S r , i, α, P ), Y, η), where T is of level K(N p r ) and growth condition w, an element f (T ) ∈ S r,K such that the conditions of Definition 5.4 are satisfied and moreover f | a = f for all a ∈ G r,h . We write S D (K, w, K(N p h ), χ) for the space of such modular forms.
Remark 5.11. It follows from Proposition 5.9, that the above definition does not depend on the choice of r. Furthermore, it is obvious that Propositions 5.7 and 5.9 stay true in general.
Proposition 5.12. Let χ be any continuous character and let h be an integer. There is an invertible sheaf Ω χ (N p h )(w) on M(N p h )(w) rig such that
If χ(t) = t k for some integer k, we have a natural isomorphism
Proposition 6.4 ([Kas09, Theorem 5.1]). Let f ∈ S D (K, w, K(N ), k) and suppose that U f = af for some a ∈ K. If a satisfies v(a) < k − 1, then f is classical.
Using the above notations, we now define the Hecke operators T l , for l = p a prime that does not divide δN . Let f ∈ S D (K, w, K(N p r ), χ). We may assume that all the finite and flat subgroup schemes of order l of A are defined over S r . Since in this case it is automatic that any such subgroup scheme D intersect trivially the canonical subgroup of A[p r ] 1 , we can define T l f as the rule
Also the operators T l can be defined using correspondences and can be put in families. In particular, they are bounded operators, but are not completely continuous. Let r ≥ 1 be an integer, and assume that w > 0 is a rational number sufficiently small. Let Z r be the spectral variety associated to the U-operator acting on H 0 (W r × M(N )(w) rig , Ω(N )(w)). We have proved that all assumptions needed to use the machine developed by Buzzard in [Buz07] are satisfied, so we have the following Theorem 6.5. We have a rigid space C r ⊆ W r × A 1,rig K equipped with a finite morphism C r → Z r . If L is a finite extension of K, then the points of C r (L) correspond to systems of eigenvalues of modular forms with growth condition w, finite slope with respect to the U-operator, and coefficients in L. If x ∈ C r (L), let M(w) x be the set of modular forms corresponding to x. Then all the elements of M(w) x have weight π 1 (x) ∈ W(L) and the U-operator acts on M(w) x with eigenvalue π 2 (x) −1 . We have that π 1 is, locally on W r and on C r , finite and surjective. For various r and w, these construction are compatible. Letting r → ∞ we have w → 0 and we obtain the global eigencurve C ⊆ W × A 1,rig K .
